answer these and other questions and will give an explicit formula for/*kOur results are direct consequences of Kasteleyn's formula for A n (also obtained by Temperley and Fisher [9] and later by Lieb [6] ), which Kasteleyn Proof. When k is even, equation (4) is the case u = 1 of a formula of Kasteleyn [4, eqn. (14) ], and when k is odd, Kasteleyn's proof is also valid. The recurrence dk = 2dk_ 1 + dk-2 follows from (4) since 1 _+ x/2 are roots of the polynomial x 2 -2x-1. 
where
where dk is given by (4) 
Thus they are also unimodal (i.e., increase monotonically to a maximum, and then decrease monotonically). (This implies that the fli's are also positive, log-concave, and unimodal. )
(g) Define
SO that Qk(x) = Tk(x)Tk(x). Then the coefficients of Tk(X) and 7"k(X) lie in the field ©(dl/2), where d k is given by the Lemma, and if dl/2 ~ ©, then the coefficients of any monomial x j in Tk(x ) and Tk(x ) are conjugate in ©(dl/2). If d2/Ee©, then Tk(x) and Tk(X) have rational coefficients (so Qk(X) is reducible over Q). (J.
Lagarias has shown me a proof that dk is a square if and only if k= 0 or k= 6).
When k = 6 we have
(The fact that + 1 are roots of Q6(x ) is equivalent to the surprising identity Cl = c2c3 for k=6.) Moreover, when k is even,
Pk(x)=dk-1/2(Tic(x)T~(x) -T~(X)Tk(X)).
Proof. (a) From (2) (3) and (10) that when k is even the coefficient of (at) n in (3) when all equal expressions c~, + l are combined is equal to + (-1)18lD(~t) m. Hence exactly m values of T satisfy ~rt= CT, SO that at is a root of C,(x) of multiplicity m as desired.
When k is odd (3) is valid only for n even. The above argument applied to A~ =A2n shows that c 2 and acs z are roots of Ck(~/~) of the same multiplicity, so that +c s and g(+Cs) are roots of R~(x) of the same multiplicity, completing the proof of (5).
Clearly the numbers cj are real and, as already observed, satisfy cj>O, ej<0. From this we immediately have that the roots (or reciprocal roots) of Qk(x) are real and nonzero, and that exactly half of the roots are positive. A different proof that the denominator of Fk(x), when reduced to lowest terms, has real roots appears in [5, p. 47] .
(b) Clearly cj>[ej]>0, so the largest c s is uniquely obtained by letting S= { 1 ..... l}, yielding (6) . This largest reciprocal root Pk cannot be a reciprocal root of Pk(x) since the term pff appears in (3) with nonzero coefficient, so that Pk must be a reciprocal root of the least denominator of Fk(x). A different proof that the largest reciprocal root of the least denominator of F~(x) has multiplicity one appears in [1, p. 284] .
One can compute limk~= k k directly from (6) by expressing limk~= Iogp 2/k in terms of a Riemann integral in a standard way, yielding
7~
The above integral is essentially evaluated, e.g., in [4, p. 1216] , and is equal to Catalan's constant G. Hence 2 = e 2c/n. Alternatively, Kasteleyn [4] and Temperley and Fisher [9] showed that (6) follows. This computation of "~k is mentioned in [6, eqn. (7)].
(c) From (3) and (6), the coefficient ak of/~+1 in A n is given by (9) , so (8) follows.
From (9) In conclusion we mention the following conjecture.
Conjecture. The polynomial Qk(X) has distinct roots.
This conjecture is equivalent to the statement that 2 {(x+ ~)/21 is the least degree of a linear recurrence relation satisfied by A n (or equivalently, that Pk(X) and Qk(X) are relatively prime). To see this, note that c~ occurs in (3) with nonzero coefficient, so that c s must be a reciprocal root of the denominator Rk(x) when Fk(X) is reduced to lowest terms. When k is even, this accounts for all 2 {(*+1)/21 roots of Qk(X). When k is odd, this only accounts for half the roots of Qk(X). However, in this case A n = 0 when n is odd. Thus if A n satisfies (1), then it also satisfies (1) when every term ~iAn+q_i with i odd is deleted. This means that the unique recurrence (1) of minimal degree satisfies c¢2i+ 1 = 0, SO Rk(X)= Rg(-x). Hence not only must all the numbers c s be roots of Rg(x), but also their negatives -c s, and we have again accounted for all 2 {(*+ 1)/21 roots of Qk(X).
Let us point out that although we are unable to decide whether the roots of Qk(X) are distinct, it is evident from (3) that the least denominator of Fk(X) has distinct roots (because the coefficient of each c~ is a constant, rather than a polynomial in n of degree _> 1). This answers a question raised in [5, p. 47] .
A stronger assertion than the distinctness of the roots of Qk(X) is the statement that Qx(x) is irreducible over the rationals. In this regard, J. Lagarias has pointed out to me that the reducibility of Q6(x) implies the reducibility of Qx(x) when k+ 1 is divisible by 7. Moreover, Lagarias has proved that Qk(X) is irreducible whenever k + 1 is an odd prime :# 7. Hence in this case the above conjecture is valid.
